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NOMENCLATURE 
.4 cross section area 
a acceleration 
«o force transducer's base acceleration 
ai stinger's exciter-end or force transducer's seismic mass acceleration 
Ag stinger's structure-end acceleration 
c = y/E/p^ longitudinal wave propagation velocity 
Cf force transducer's viscous damping coefficient 
E Young's modulus 
E* complex Young's modulus 
EI flexural rigidity of the beam 
E{ui) = H,{u!), accelerance measurement error functon 
Ep(uj) percent error function 
F force 
structure's driving point accelerance 
Hs,{u!) stinger-structure system accelerance 
measured structure's accelerance after mass compensation based on ai 
Hc2{<^) measured structure's accelerance after mass compensation based on og 
xii 
Hcui'^) measured structure's accelerance after mass compensation based on 
both ai and 03 
Hco{^) measured structure's accelerance after mass compensation based on 
measured structure's accelerance after mass compensation based on 
both tto and 
Ha{uj) FRF of the accelerometer 
Hf{u>) FRF of the force transducer 
H[(u>) FRF of the total measurement system 
measured structure's accelerance including instrumentation effects 
Kf force transducer's stiffness 
Kr = AE/l^ stinger's axial stiffness 
K,{uj) = structure's dynamic stiffness 
I stinger's length 
rrir stinger's mass 
=  X j s t r u c t u r e ' s  a p p a r e n t  m a s s  
i?i = milnir, mass ratio of the compensated mass at the stinger's exciter 
end to the stinger's mass 
R2 = mg/mr, mass ratio of the compensated mass at the stinger's 
structure end to the stinger's mass 
Rm = M/rrir, mass ratio of the structure's mass to the stinger's mass 
r = u)IWni frequency ratio 
Ta stinger's motion transmissibility 
Tf stinger's force transmissibility 
a = (joI/c , dimensionless system parameter 
xni 
phase angle of error function E{oj) 
phase angle of the structure's accelerance H3(10) 
instrumentation magnitude attenuation effect 
viscous damping factor 
structural damping factor 
phase shift between the force transducer's seismic mass acceleration 
and base acceleration 
density 
phase angle of the structure's dynamic stiffness A%(w) 
instrumentation phase shift effect 
phase angle between the force transducer and accelerometer output 
signals 
angular frequency 
structure's natural frequency 
force transducer's natural frequency 
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CHAPTER 1. INTRODUCTION 
Often vibration problems are actually experienced in practice that are not pre­
dicted or explained by theory. Consequently, vibration testing is required to un­
derstand these problems. Mechanical mobility (or accelerance) tests provide an ex­
tremely powerful experimental approach for investigating structural vibration phe­
nomena. The success of experimental methods are greatly dependent upon the ac­
curacy of the force and motion measurements used to compute the structure's mo­
bility or accelerance. Two experimental modal analysis topics are discussed here: 
one concerns the mass compensation method employed while the other concerns the 
connecting device between exciter, force transducer, and structure which is called a 
stinger. 
Mechanical mobility tests require that both the structure's input force and out­
put motion be measured. It is important that this force is measured directly at its 
application point. When there exists effective end mass (mass between the force 
sensing element of the transducer and the structure), some of the measured force is 
used to move the additional mass so that the force actually applied to the structure 
is the measured force minus the inertia force of the extra mass [2], The user should 
be aware that this effective end mass can result in artificially high force levels being 
used in the mobility calculations. High force levels result in underestimates of the 
2 
mobility near resonance. Shifts in plotted resonance frequency also can result from 
this error. It is possible to perform the process of "mass cancellation" by subtracting 
a signal that is proportional to the driving point acceleration from the measured force 
signal electronically or digitally before the signals are passed to the analyzer. Care 
should be taken to ensure that the acceleration used in mass compensation is that of 
the effective end mass. 
It is necessary to connect the shaker driving platform to the structure through 
a force transducer. The connection of the exciter to the structure inherently cre­
ates a problem, however, because the dynamic characteristics of the exciter become 
combined with those of the test structure; a situation that can obviously lead to 
contamination of the test's, results. If we check the definition of a single mobility 
we note the excitation of the structure must be a single force applied at location k. 
This condition is present, however, only when the motion at the drive point of the 
exciter attachment remains collinear with the exciter excitation axis. In general, the 
motion of the driving point is not linear, but rather multidirectional. The exciter's 
armature (moving element) is very mobile along its intended motion axis but is very 
stiff to motion in any other direction. Thus, any structure response motions other 
than in the direction of the exciter's action will cause resisting forces or moments 
that contribute to the measured response in the form of a secondary excitation. The 
response transducers pick up the total responses that are caused not only by the 
driving force but also by the secondary and unknown forces. Also the input force 
transducers are sensitive to these secondary shear and bending moments in an un­
known manner. Thus, errors are introduced through the forces measured as well as 
additional structural constraints. The stinger is a flexurally compliant element that 
3 
is used to reduce the significance of these constraint errors as follows. 
Figure 1.1 shows a typical cantilever beam deflection mode shape. If the exciter 
is attached at point A. the exciter would go through no rotation and the rotatory 
inertia effect would be zero; but attachment of the exciter at point B would cause 
the exciter to rotate, which, in turn, gives rise to errors. 
Figure 1.1: Beam mode shape with typical attachment points 
A practical solution to this problem is to introduce a special drive rod between 
the shaker and the structure. This rod is stiff in the direction of excitation but 
flexible in all other directions so that the exciter's constraint is eliminated from the 
test. This drive rod is called a stinger. It is usually a thin circular beam that has 
high transverse flexibility and high axial stiffness. The result of this need for a stinger 
is part of the proposed standard mobility test arrangement [1]. 
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Unfortunately, most stinger dimensions are selected by experience or trial and 
error rather than by detailed analysis, [2] and [3]. Recently some researchers, [2]-
[4] have developed an interesting insight into the stinger's problem, Mitchell [3] 
•presented an approximate method for sizing the stinger that takes the transverse 
freedom of the exciter into account. The system analysis used the transfer matrix 
method and gave two sets of design guidelines for the selection of stinger bending 
and exciter support. Hieber [4] basically used the same method to analyze stinger 
transverse dynamics. The effect of the rotatory inertia of the shaker and the load cell 
moment sensitivity were considered. Both Mitchell [3] and Hieber [4] concentrated 
on the stinger's transverse properties. There is no rigorous analysis about stinger 
axial dynamics. Previously, researchers treated the stinger as a massless spring with 
stiffness equal to AEfL in the axial direction. It is customary to attach the force 
transducer directly to the structure under test. However, when the test structure is 
physically small, it may be desirable to mount the force transducer on the stinger's 
exciter end, in order to avoid the loading effects due to the transducer's rotational 
inertia. These rotational inertia effects cannot be removed from the test results. 
American National Standard [1] thought this was a compromise method where a 
large mass correction of measured force is required to determine actual excitation 
force. Anderson [5] ran an experiment on a violin by using the shaker-end force 
transducer and. mass compensation method. It is noted that the mass compensation 
mentioned in [1] and [5] is based on one acceleration, which means the stinger is 
assumed to have a uniform acceleration like a rigid mass for mass compensation 
purposes. This assumed rigid body behavior is obviously not true for all frequencies 
because of the stinger's compliance. 
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In this research, attention is focused on the stinger's axial dynamics. The stinger 
is modeled as a longitudinal bar that includes mass and compliance effects, as they 
are believed to be important for complete understanding of the stinger's axial dynam­
ics. Force and motion transmissibilities between the stinger's specimen end and its 
exciter end are derived theoretically. Physical explanations of these transmissibilities 
that are related to the excitation energy being transferred to the structure through 
. the stinger from the shaker end are discussed. Stinger mass compensation problems 
are discussed for the case when the load cell is mounted on the exciter end where, 
both stinger elastic and inertia effects are investigated. A. new mass compensation 
method, based on two accelerations, is presented. The effects of the force transducer 
compliance on the mass compensation are also discussed in this work. Two numerical 
examples are simulated to demonstrate the advantage of the new mass compensation 
method. Two experiments are performed to experimentally verify the theoretical 
work. One experiment uses a simple rigid mass specimen while the other experiment 
uses a double cantilever beam. The results of these tests show good agreement with 
the theoretical prediction except around the structure's resonances. A theoretical 
measurement system model is developed that explains the measured Frequency Re­
sponse Function (FRF) around resonance when using mass compensation method. 
The model shows that very large measurement errors can occur when there is a small 
relative phase shift between the force and acceleration measurements. 
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CHAPTER 2, STINGER AXIAL DYNAMICS 
Figure 2.1 shows a general experimental set up of a stinger-structure mobil­
ity measurement system. Here, mi is the transducer's seismic mass plus mounting 
hardware mass at the stinger's exciter end and m2 is the acclerometer's mass plus 
mounting hardware mass at the stinger's structure end. 
Test Structure 
fm7 
Stinger 
mi . 
Exciter 
Figure 2.1: Mobility measurement set up with a stinger 
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In order to understand the transfer of the force and motion through the stinger 
from the exciter end to the structure end as well as the effects of the stinger's mass 
and compliance on the structure's FRF measurement, the stinger's axial dynamic be­
havior needs to be theoretically investigated. In previous works [1][4][5], the stinger 
is modelled axially in two different ways. When the compliance of the stinger is 
considered, the stinger is treated as a massless spring; however, when the mass com­
pensation is considered, the whole stinger is assumed to have a rigid body motion. In 
this research the stinger is treated as a distributed mass elastic system represented 
as a longitudinal bar. This approach includes both the stinger's compliance and 
mass effects at the same time. This approach is shown to be more suitable for high 
frequency. 
The transfer matrix method [9] offers an approach to the analysis of the stinger 
assembly. The method permits analysis of each component individually, and then, 
couples them together by matching forces and motions at each connection point. 
A. Stinger Transfer Matrices 
Consider a long, slender bar of uniform cross section as shown in Figure 2.2 and 
assume that the lateral contraction (or the Poission's ratio effect) can be neglected. 
Let •u{x,t) be the displacement in the x direction. Then the longitudinal vibration of 
the rod may be written as the wave equation in the following manner [7]: 
dt^ dx^ 
(2 .1 )  
8 
F, 
-4 
Ul «2 
/ 
Figure 2.2; The Longitudinal bar model of a stinger 
Equation (2.1) is valid provided the vibration wavelength remains large compared 
to the rod's cross-sectional dimensions. The wave propagation velocity c is given by 
= Ejp where E is Young's modulus and p is density. The standing-wave solution 
to Equation (2.1) has the form 
/ , \ ^ (jJX ,  
u{x,t) = Cism( — ) + Cg cos( — ) 
c c 
(2.2) 
where w is the angular frequency and CV and €'2 are constants that are dependent on 
the rod's boundary conditions. For this case, the boundary conditions are: 
î'U=o = "1 = 
w|a:=/ = U2 — ~ (12/^ 
where aj and are the stinger's end accelerations. The forces acting on the rod's 
ends are given by 
du I at x=0 
Fo at x=l 
-AE 
dx 
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The relationship between the stinger's stiffness and mass /n^. is given by 
AE rUrU)^ Kr = 
I 
. where 
U)l u> 
a 
(2.3) 
(2.4) 
is a dimensionless system parameter, a can be interpreted as 27r times the ratio of 
i/T where t is the time required for a longitudinal stress wave to travel the length 
of the stinger {t = l/c) and T is the test frequency period {2xju>). Also, a can 
be interpreted as a frequency ratio of u/ujr where = i/Kr/rUr is a reference 
frequency. This reference frequency is related to the fundamental natural frequency 
of a longitudinal free-free rod by = xujr and a free-fixed rod by = {ir/2)oor-
Thus, u>r is a convenient reference to judge the behavior of a stinger. The value of 
Wr is large so the value of a is considerably less than unity under most practical 
situations. 
The stinger's transfer matrix equation becomes 
cos a —mr sma 
a 
COS a 
(2.5) 
where a — acceleration 
A — stinger's cross section area 
rrir — stinger's (driving rod) mass 
I — stinger's length 
For practical purpose, it is necessary to include transducer and mounting hard­
ware masses on stinger's two ends as shown in Figure 2.3. 
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.ai .ai • a2 
FA 
m. 
Fi 
m 2 
FB 
Figure 2.3: Stinger with lumped masses on each end 
For the masses mj, /Mg, Newton's Second Law gives 
FA — Fx — miai 
F2 — Fg = 777.202 
that can be written in matrix form as 
ai 
FB 
do 
1 
0 
1 
0 
-nil 
1 
- 777 2 
1 
FA 
F2 
«2 
(2 .6)  
(2.7) 
Equations (2.5), (2.6) and (2.7) can now be assembled into a single matrix equation 
Fb 
fl2 
1 -777,2 
0 1 
cos a — rrir sma 
C O S  a  
1 -777.1 / (&8) 
0 1 i J 
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which becomes 
cos a sin a 
asm Or 
mr — sin a + cos a 
^ a s i n a  
— (rn-i + m2) cos a 
(2.9) 
Equation (2.9) is the stinger's transfer matrix when a mass is attached on each end. 
B. Stinger Force and Motion Transmissibilities 
1. Transmissibility formulas 
The excitation energy is transmitted to the structure through a stinger. It is 
instructive to investigate the force and the motion relationships between the stinger's 
two ends. Consider the coupling of the stinger and the structure under test as shown 
in. Figure 2.4. The force and acceleration at the stinger's driven end (vibration 
source attachment) are represented by Fi and «%. Fg and represent the force 
and acceleration at the stinger's structure end. Transducer and mounting hardware 
masses are not included here. They will be considered later in the mass compensation 
part. 
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Test Structure 
H, 
Stinger — 
a. 
Exciter 
" a2 
Fi ai 
Figure 2.4: Coupling of the stinger and the test structure 
Equations for two components (stinger and specimen) connected together may be 
related by virtue of the fact that at the connection point their respective accelerations 
and forces must be equal so that 
«2 = «1 F2 = Fs (2.10) 
If the structure's driving point accelerance is then 
Substitution of Equation (2.11) into Equation (2.5) and solving for the force and 
acceleration ratios gives 
1 3  
Ty = F2 1 (2.12) Fi B'^(u))m . r (sina/a) + cos a 
«2 (2.13) 
ai ffj(aj) cosa — (asina/m - r )  
Equations (2.12) and (2.13) give tlie force and motion transmissibiiities across the 
stinger where subscripts "f" and "a" denote force and acceleration transmissibiiities, 
respectively. Obviously, the transmissibiiities depend on the stinger's properties, test 
structure's accelerance, and test frequency. 
2. Numerical examples for force and motion transmissibiiities 
Two structures that consist of a rigid mass and a double cantilever beam with a 
central clamping are chosen for the numerical examples. 
Rigid mass specimen (M) This is the simplest case where the structure's 
accelerance E'^w) is a constant 1/Af. Computations have been made for Ty and 
Ta by substituting = IjM into Equations (2.12) and (2.13) and assuming 
the ratio Mj-rrir has values of 10 and 100. The T/ and Ta calculation results are 
plotted in Figures 2.5 and 2.6, respectively, in terms of the dimensionless parameter 
a (a = ujljc). These curves are discussed in detail in Section B.3 of this chapter. 
1 4  
1.2 
1 . 1  
U) 
w 
I 
5 1.0 
3/"/n?r = 100 
u 
u L. 
o 
L L  
0) 
"O 3 
J' 0.9 
M/m^ = 10 
0.8 I ' ' ' 
0.0 0.1 0.2 
' ' I ' ' ' 
0.3 0.4 0,5 
Oi = ull/c 
Figure 2.5: Force transmissibility of the rigid mass-specimen 
Figure 2.6: Motion transmissibility of the rigid mass-specimen 
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Beam-specimen The aluminum double cantilever beam specimen is shown 
in Figure 2.7. The single beam has dimensions of 10 inch long x 0.12 inch deep x 
0.75 inch wide with head mass ruh = 0.087-lb 
Clamp Block 
(mass=m^) 
,  X  
K 
I «6 
m K 
Figure 2.7: Double cantilever beam-specimen 
The driving-point accelerance at the center of the beam is given by 
a. 1 (2.14) 
Fj TTih + 2Vola, 
The Euler beam equation describes the transverse or bending vibration of a uniform 
beam without damping as follows [7]: 
' dx^ 
- fS'^y = 0 (2.15) 
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where p is the mass per unit length of the beam, EI is the flexural 
rigidity of the beam. The general solution of Equation (2.15) can be shown to be 
y = A cosh(/5.T) + B sinh(/?a;) + C cos{l3x) + D sin(/3ir) (2.16) 
The boundary conditions are 
at X = 0 
2 
at X = I 
y = -aju 
Î = 0 
K  =  E / S  
M = 0 or ^ = 0 
V = 0 or 2^ = 0 
From the knowledge of the above boundary conditions, can be determined. Sub­
stituting Vo expression into Equation (2.14) gives 
— ^ (2.17) 
I 2m(, / cosh(/30 sin(j30+sinh(/3/) cos(l3l) A 
I'lh -r 01 l + cosh(0l)cos(0l) ) 
where and rnt represent the middle block's mass and the single cantilever beam's 
mass. 
The structural material damping which is proportional to the strain but is in 
phase with the strain velocity, can be introduced by replacing the elastic modulus E 
by a complex modulus E* = E(1 +jr]). So that (3 in Equation (2.17) can be replaced 
by (/^*)^ = pui'^l[E*I) [6]. The driving-point accelerance at the center of the beam 
with damping is then given by 
18 
rrih + 2mh ( ) 
(2.18) 
where rj — loss factor 
/3*/ = P + ig 
D = y/l + 7/2 
p = 
q = {-/3l) 
1 , yi+D 
2n/J9 ^ 2V2D 
2/0 2/20 
/2yv = chp.chq.sp.cq. — shp.shq.cp.sq. + shp.chq.cp.cq. + chp.shq.sp.sq. 
In = chp.shq.cp.cq. + shp.chq.sp.sq. + chp.chq.cp.sq. — shp.shq.sp.cq. 
RD = p{l+chp.chq.cp.cq.+shp.shq.sp.sq.)—q{shp.chq.cp.sq.—chp.shq.sp.cq.) 
Id = q{l + chp.chq.cp.cq.+shp.shq.sp.sq.)+p{shp.chq.cp.sq.-chp.shq.sp.cq.) 
Abbreviations such as chp. and sq. are used to represent cosh(p) and sin(q), re­
spectively. The aluminum beam is assumed to have a structural damping factor 
7] = 0.01 where a 3.65 inch long by 0.15 inch diameter steel stinger is used for this 
example. The corresponding force and motion transmissibilities are calculated and 
plotted in Figures 2.8 and 2.9. These curves are discussed in detail in the next section. 
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Figure 2.8: Force transmissibility of the beam-specimen 
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Figure 2.9: Motion transmissibility of the beam-specimen 
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3. Results and discussion 
Peaks of transmissibility Ideally, the exciter's force and motion is transmit­
ted by the stinger to the structure under test without any change, that is, Tf and Ta 
are equal to unity. However, examination of Figures 2.5 and 2.6 indicates that there 
is variation in the Tf plot and a single peak in the Ta plot for the mass-specimen. 
F u r t h e r m o r e ,  F i g u r e s  2 . 8  a n d  2 . 9  s h o w  a  s e r i e s  o f  p e a k s  a n d  v a l l e y s  o c c u r r i n g  i n  T f  
and Ta plots for the beam-specimen. It is clear that it is not acceptable to predict 
the structure's FRF by measuring the force and motion at the stinger's exciter end ' 
as recommended by [1]. . 
To fully comprehend these results, it is noted that there are two systems involved: 
one is the structure under test, the other is the combined stinger-structure system. 
The resonant and antiresonant frequencies for these two systems are different, but also 
related. Referring to Figure 2.4 and with the help of T/, Ta expressions (Equations 
(2-12), (2-13)), the stinger-structure system accelerance expression becomes: 
^ = y • ^ • y = ^ (2.19) 
rx 02 f 2 -ta 
or 
H3[u))m,r. [s\n Oi ! a) + COS a 
where the subscript "ss" designates the stinger-structure system. Equation (2.19) 
reveals that the force and acceleration transmissibilities are closely related to the 
FRF's of both structure and stinger-structure systems. Inspection of Tf and 
expressions (Equations (2.12) and (2.20)) reveals that they have the same dertomina-
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tor which means that the force transmissibiiity T f  peaks when the stinger-structure 
system approaches a resonance. It also seen that the H,{uj) term appears in the de­
nominator of Tf (Equation (2.12)) which means the force transmissibiiity has a notch 
when the structure approaches one of its' resonances. This behavior can be explained 
as follows. At stinger-structure system resonances, the force at the stinger's exciter 
end {Fi) tends to become much smaller than the force at the stinger's structure 
end {F2) so that Tf becomes a peak. On the other hand, when the structure is at 
resonance, the force at stinger's structure end becomes very small compared to the 
force at the stinger's exciter end since this force includes the stinger's inertia loading. 
Thus, Tf has a notch. 
A careful evaluation of TQ, H„{u) expressions (Equations (2-13) and (2-20)) 
show that the numerator of H,s{uj) and the denominator of Ta are identical. This 
means Ta will peak when J7aa(a;) approaches antiresonance. There is also a H,{u>) 
term in the numerator of the Ta expression, therefore, the motion transmissibiiity Ta 
becomes a valley when the structure is near an antiresonance. This behavior is due 
to the motion at the structure end and the exciter end becoming very small when 
Zfa(w), and are near antiresonances, respectively. 
Thus two concepts have been established: 
1. Force transmissibiiity peaks at the stinger-structure system resonant frequen­
cies and notches at the structure's resonant frequencies. 
2. Motion transmissibiiity peaks at the stinger-structure system antiresonant fre­
quencies and notches at the structure's antiresonant frequencies. 
Note that in the rigid mass example (Figures 2.5, 2.6), there are no structure 
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resonance, antiresonance and no stinger-structure resonance. Therefore there are 
no notch in the Ta,Tf and no peak in T/. However, there is one stinger-structure 
antiresonance, so there is one peak in Ta which can be confirmed from Figure 2.6. The 
stinger-structure system antiresonance frequency approximates to u>n = y/Kr/M, 
where Kr = AE/l is the stiffness of the stinger and M is the specimen mass. 
It is also seen in Figures 2.5, 2.6, 2.8 and 2.9, that as frequency increases, the deviation 
of Ta and T/ from unity becomes more serious than at low frequency. 
Comparison of three mechanical models of stingers It is interesting to 
compare the longitudinal rod model with the massless spring model and the rigid 
body (lumped) mass model since these two simpler models have been used in the 
past [1], [4], [5]. These two models are shown in Figure 2.10 
Kr = AE/l 
Fr 
%/\/\/\f 
{ F i  =  F 2 )  
à 
ai 
/n,. à. 
Cl2 
(fll — CL2) 
(a) Massless Spring Model (b) Rigid Body Model 
Figure 2.10; Massless spring and rigid body stinger models 
From Figure 2.10, we can readily obtain the following results. 
• Massless spring model: 
(2.21) 
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• Rigid body model: 
T. = 1 (2.24) 
For the longitudinal rod model, if the frequency is not very high so that a = uil/c 
is considerably less than unity, then cos a = 1; sin a = a and Equations (2.12) and 
(2.13) can be approximated by 
^ ^ (2.25) 
/f,(c<j)mr(sin a/a) + cos a 1 + nîr-ffa(^) 
and 
E'Xw)cosa - (asina/mr) I  -  { a ^ j r u r H I  -  l { K r H s { u j ) )  
(2.26) 
A comparison of Equations (2.25) with (2.23) and (2.26) with (2.22) shows that the 
low frequency vibrations give sufficient time for stress waves to travel in stinger's 
length so that Ijc -C 1/w and the massless spring model is a good model of motion 
transmissibility but a poor model of force transmissibility while the rigid body model 
predicts the force ratio but is inadequate to predict the acceleration ratio. When the 
test frequency increases, the errors predicted by the massless spring and rigid body 
models are not correct and the longitudinal rod model must be used. 
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C. Stinger Axial Resonance and Excitation Energy Transfer 
Several researchers [2], [4] and [5] mention stinger axial resonance but define 
the axial resonance frequency and its effects in different ways, Ewins [2] mentioned 
that it is always necessary to check for the existence of an internal resonance of the 
drive rod—either axially or in flexure—as this, can introduce spurious effects on the 
measured mobility properties. Furthermore, in the case of an axial resonance, it will 
be found that very little excitation force will be delivered to the test structure at 
frequencies above the first mode. Hieber [4] suggest stinger axial resonant frequency 
should be u)„ = ^K^jM where = AE/l is the stinger's stiffness and M is the 
mass of the exciter armature; and declared that if this axial resonance is too low, 
there may be difficulty transferring enough force to the specimen at high frequencies. 
Anderson [5] gave the same expression for the fundamental longitudinal resonance 
frequency as Hieber [4] but suggests that M should be the force transducer's seismic 
mass and mounting hardware mass at the stinger's exciter end. At the resonant 
frequency the force transmissibility of the stinger {Tf) will be a peak. 
It appears that both [4] and [5] assumed in the resonant frequency calculation 
that the structure's accelerance is zero. Unfortunately, this is true only when the 
structure is near antiresonances. Generally, the structure's accelerance cannot be 
neglected compared to that of the stinger. 
It is traditional to think that the stinger axial resonances occur when the motion 
of the exciter table is considerably greater or smaller than the motion of the test 
specimen. This will happen when Ta notches 'and peaks which will always occur when 
the test structure or the stinger-structure system approach an antiresonance. This 
kind of stinger axial resonance is closely related to the accelerance of the structure 
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under test. Each time the test structure approaches an antiresonant frequency, this 
kind of axial resonance happens. It is inevitable. On the other hand, a common 
problem that is encountered in high frequency testing is that the stinger's axial 
vibration influences the transfer of force and motion from the exciter to the structure. 
This problem is discussed in the following section. 
1. Maximum force and motion applied to the test structure with and 
without a stinger 
It is customary to control an exciter while using level control on a feedback 
signal. The feedback signal is usually the input force, the exciter's motion, or the 
structure's input motion. When a stinger is utilized, any of these feedback param­
eters is significantly altered. In addition, an electrodynamic exciter is limited by 
the maximum force that is available and the maximum acceleration it can develop. 
These limits are influenced by the dynamic characteristics of the structure under test 
as well as those of the exciter and it's power amplifier. 
• The shaker motion is controlled to be a constant acceleration level of a 
First, consider that the structure is directly mounted on the shaker table. The 
force that can be applied on the structure becomes 
where the superscript "d" represents the structure is mounted to the shaker 
directly. Second, the test structure is connected to the exciter through a stinger. 
The force acting on the structure is 
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or 
^ = (2.271 
where superscript "s" represents the case of the structure being connected to 
the shaker through a stinger. Therefore Ta not only reflects the motion trans-
missibility between the stinger's ends during experiments, but also reflects the 
ratio of the force acting on the structure with and without the stinger when the 
exciter table is controlled to maintain a constant input acceleration level "a". 
• The shaker is controlled to have a constant force level of F 
When a similar approach is applied, the following results are obtained: 
Without stinger: 
With stinger in place: 
a' = fz ' =  F - T f  H s { u ; )  = a"^ - Ty 
or 
-,=T, (2.28) 
where F — the shaker's output foi:ce level 
a" — the structure's acceleration excited by F through the stinger 
a'^ — the structure's acceleration excited by F without stinger 
Therefore T/ not only represents the fdrce transmissibility between the stinger's 
ends, but also represents the ratio of the structure's response motions with and 
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without a stinger when the exciter is controlled to produce a-constant exciting 
f o r c e  l e v e l  F .  
Figure 2.11 clearly express the definitions of and Tj and their other physical 
meanings related to the transfer of forces and motions. 
2. Stinger's excitation energy transfer ability is related to K,(u>)j 
As mentioned before, when a  =  u l j c  i s  significantly less than unity, then Ta and 
Tf can be simplified to 
• T f  =  ^  
1 + mrH,{<jj) 
1 
1 + nir 
Ta = : 
KrH,(ut) 
1 
1 + %^ 
where = A E / i  — stinger's stiffness 
TTir — stinger's mass 
Ha{uj) — structure's accelerance 
Ms{uj) = IjHaiuj) — structure's apparent mass 
A',(w) = I— structure's dynamic stiffness 
(2.29) 
(2.30) 
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(b) Ta reflects the ratio of the force acting on the structure with and without 
a stinger when the exciter has the same output accelerations 
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(c) Tf reflects the ratio of the structure's accelerations with and without 
a stinger when the exciter has the same output force 
Figure 2.11: Ta, T) definitions and physical meanings 
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An evaluation of Equations (2.29) and (2.30) suggests that Tf is controlled by the 
stinger's inertia property and the structure's driving point apparent mass M,{u)) 
while Ta is controlled by the stinger's-stiffness arid the structure's driving point dy­
namic stiffness /ij(w). In most real testing cases it is seldom that the stinger's mass 
is larger than the structure's driving point apparent mass except near resonances. 
On the other hand, Ewins [14] points out that the general level of the structure's 
driving point dynamic stiffness ( j^a(w)) increases with increasing frequency, a result 
that indicates a progressive localizing of the vibra-tion at higher modes. With in­
creasing of the test frequency, the exciter table's motion is absorbed more by the 
stinger's compliance so that less exciting force can be applied to the structure. If Ta 
is considerably less than unity over a given frequency range, then, the stinger has 
difficulty in transferring the exciting energy in that frequency range. Therefore, Ta 
is more important than 2} in excitation energy transfer considerations. The exciter 
table's motion is absorbed by the stinger's compliance that causes an energy transfer 
problem at higher frequencies. 
• When the test structure is mass like, the stinger-structure system is si miliar to 
the one degree mass-spring vibration isolation problem [7]. Ta is less than unity when 
w/wn > \/2 and decreases quickly with increasing frequency which means that less 
and less exciter table motion can be transfered to the structure through the stinger. 
For general multiple degrees' of freedom system, Equation (2.30) shows that Ta is 
controlled by the "/ir,(w)//C term. When /^^(w). Equation (2.30) shows 
that Ta < 1. Therefore, it is important to select a stinger with sufficient stiffness 
compared to the structure's driving point dynamic stiffness in order to overcome the 
exciting energy transfer problem. 
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A numerical example is given to show the influence of the stinger's stiffness on T^. 
A 40 inch long x 2 inch wide x 0.5 inch deep aluminum double cantilever beam is used 
as the test structure. Two different sizes of steel stingers are chosen for comparison. 
Stinger one is 6 inch long 0.06 inch in diameter and its stiffness is 13,700 lb/inch, 
Stinger two is 4 inch long, 0.12 inch in diameter and its stiffness is 82,000 lb/inch. 
The calculation results of are plotted in Figure 2.12 where it is seen that is 
seriously influenced by the stinger's stiffness. The stiffness of Stinger 1 is insufficient 
for the test structure beyond 550 Hz since 7^ 1 for the frequency region above 550 , 
Hz. This means that there is not enough excitation energy transfer from the exciter 
to the structure under test. The significance of the stinger's stiffness relative to the 
structure's driving point dynamic stiffness in the energy transfer problem is proved. 
It is interesting to note in Figure 2.12, the notches of Ta for both stingers occur 
near the same frequencies while peaks occur at the different frequencies. As expected, 
the notches of Ta are near the structure's antiresonances while peaks are near stinger-
structure system antiresonances. For different stingers, the structure's antiresonance 
will not change, but the stinger-structure's antiresonance will change. Therefore, for 
the same test structure, different stingers have the same Ta valley frequencies but 
have the different 'peak frequencies. 
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Figure 2.12: Effects of stinger stiffness on Ta 
CHAPTER 3. STINGER MASS COMPENSATION 
Now we move our attention to the stinger mass compensation problem. Fig­
ure 3.1 shows four possible stinger arrangements [1]. The accelerometer is not con­
nected to the structure via the stinger since its axial compliance invalidates the 
motion response measurements. Consequently, the arrangement shown in Figure 3.1 
(a) is unacceptable as mentioned in Chapter 2. It is customary to attach the force 
transducer directly to the structure under test as shown in Figures 3.1 (b) and (d) 
so that minor mass corrections are required in order to determine the actual exci­
tation force. The disadvantage of these arrangements is that both force transducer 
and accelerometer rotational inertia are involved, especially in the impedance head 
case which usually has a large rotational inertia. Unfortunately electronic mass can­
cellation cannot compensate for rotational inertia loadings at this time. It can only 
compensate for translational inertia loadings at the driving point and in the direction 
of the excitation. The transducer's rotational inertia loadings cause an experimental 
error in the mobility measurements. These inertia errors can be major especially on 
small structures. The force transducer can be attached to the stinger's exciter end 
(see Figure 3.1 (c)) in order to reduce the rotational inertia effects. Unfortunately, a 
large translational mass correction is required in this case. The mass compensation 
for arrangement (c) is presented in this chapter. 
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Figure 3.1: Four possible methods to connect exciter, stinger, force transducer and 
accelerometer to the structure under test 
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Mass compensation is based upon Newton's second law so that 
Fc = Fm - ma (3.1) 
where Fc is the predicted force applied to the structure, Fm is the force measured 
by the force transducer, m is the effective end mass that is between the load cell 
and structure under test. If the acceleration "a" used in Equation (3.1) is that of 
the eifective end mass, then Fc predicts the true force acting on the structure. For 
the stinger mass compensation problem in Figure .3.1 (c) with the force transducer 
mounted on the stinger's exciter end, there is no single effective end mass acceleration 
since different parts have different accelerations due to the stinger's compliance. The 
stinger mass compensation problem has been partially addressed in the past, but 
the stinger's compliance is neglected. The stinger is considered to have a uniform 
acceleration. Either structure-end acceleration or exciter-end acceleration is chosen 
for mass compensation. The most important question from an experimental modal 
analysis point of view is how much error will be introduced by neglecting the stinger's 
compliance during mass compensation. At low frequencies, both stinger ends move 
with the same rigid body motion. However, at higher frequencies, stinger's compli­
ance allows the exciter end to have motion that is considerably different from the 
structure's end. Thus, more errors are expected at higher frequencies compared to 
low .frequencies. 
A, Three Mass Compensation Methods 
Figure 3.2 shows a complete accelerance measurement set up with the force 
transducer mounted on the stinger's exciter end. The system parameters are: 
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Accelerometer 2 
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Exciter 
Accelerometer 1 
Figure 3.2: Mobility measurement with force transducer at the stinger's exciter end 
771^ — stinger's mass 
m-i — the sum of force transducer seismic mass, accelerometer 1 mass and 
mounting hardware mass 
m2 — accelerometer 2 mass plus mounting hardware mass 
Fm — measured force by force transducer 
F, — true force acting on the structure under test 
ao — shaker table or force transducer's base acceleration 
«1 — force transducer's seismic mass acceleration 
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«2 — structure's driving point acceleration 
— structure's driving point accelerance 
Expanding the stinger's transfer matrix in Equation (2.9) and considering 
F> = a,/jfa(w), the following relationships can be derived; 
m  =  ( W i  :  c o s a j a i  4  :  o g  (3.2) 
a sin a a sin a 
/ W 2  ,  
(l\ — cos ck — I -f m.   1 (3.3) 
TTlr rUrHaiuj) a sin a 
where a = utljc (see Equation (2.4)). Equations (3.2) and (3.3) are fundamental in 
developing the following mass compensation formulas. 
1. Mass compensation based on ai 
Part of the exciter's output force is required to accelerate the effective mass 
between the force transducer and the test structure. This part of the force should be 
subtracted from the force transducer's signal in order to obtain the force acting on 
the structure under test. Now, the total effective end mass between the load cell's 
sensor and the structure under test includes the stinger's mass, accelerometer 1 mass, 
accelerometer 2 mass, force transducer• seismic mass and thé mounting hardware 
mass. If we assume mi, -mg, and have the same acceleration ai, then we obtain 
Fci — Fm — {tux + + ra2)a\ (3.4) 
where Fc\ represents force measured after mass compensation based on a\. 
Substitution of Equation (3.2) into (3.4) and using Equation (3.3) yields 
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Fc\ — s ( Mir + Tn2 + nrir cos a 
a sin a 
'm2_H,{<jo) + 1 
mrH,{u) a sm a — cos a 4" 
rrir \ 
a sin a / Û2 
(3.5) 
or 
Hci{uj) = ^ (3.6) 
f  c l  
w 
[cos a + (1 + i22)Q!sina] + [sin a/a — cos a + /ggfl + i22)o:sina] H,{u)) 
where — the structure's measured accelerance after mass compensation 
based on acceleration a-i 
Ha{u)) — true structure's accelerance 
Eg = ms/mr, mass ratio of the compensated mass at the stinger's structure 
end to the stinger's mass 
Equation (3.6) gives the structure's measured accelerance after performing the mass 
compensation based on the stinger's exciter-end acceleration oi. 
2. Mass compensation based on og 
Now we assume mx, and have the same acceleration ag, then the predicted 
force after mass compensation becomes 
Fc2 Fjrn — (mi + TTl-r + TMg ) <22 (3.7) 
Using the above procedure, the measured accelerance becomes 
^c2(w) = ^ 
^c2 
(3.8) 
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HM 
cosa - /?iQ!sinQ; + [(i?i + i?2)(cosa: — 1) + - 1 — 7^1^20! sin a] 
where Hc2{oj) — the structure's measured accelerance after mass compensation 
based on acceleration ag 
Ri = mass ratio of the compensated mass at the stinger's exciter 
end to the stinger's mass 
Equation (3.8) gives the structure's measured accelerance after mass compensation 
based on the stinger's structure-end acceleration ag-
3. A New mass compensation method — based on two accelerations ai 
and a2 
Masses mi and mg are assumed to be connected to the stinger's two ends. As 
mentioned before, the stinger's two ends can have different accelerations. Note that 
mi and mg may include transducer's mass which may not be a small quantity com­
pared to the stinger's mass. The proposed mass compensation method uses both 
accelerations ai and «g where ai is used with mass mi and half of the stinger's 
mass {mr/2) while «g is used with mass mg and the other half of the stinger's mass. 
The accelerometer used for measuring the structure's response provides the signal og 
while the accelerometer mounted on the shaker table can be used for «i as well as 
the shaker's feedback accelerometer. If an impedance head is used, the impedance 
head accelerometer gives an acceleration signal that is equal a^. The measured force 
after mass compensation based on two accelerations can be written as 
•fci2 = Fm — {rrii + — )&! — {m2 + — )a2 (3.9) 
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and 
H,nM = (3.10) 
^cl2 
(cos a + + m. [^ - 1(1 + cos q) +. (cos a + ^  - l)] 
where represents the structure's measured.acceierance using mass compen­
sation based on both a\ and a2. 
Equations (3.6), (3.8) and (3.10) give the results of three different mass com­
pensation methods when the force transducer is attached to the stinger's exciter end 
and is used to predict the actual force acting on the test structure. For perfect mass 
compensations, ^ci(w), E'c2((^) and should equal Unfortunately, all 
three methods produce errors due to the stinger's compliance that is reflected in the 
dimensionless parameter a = ujljc. When a is considerable less than 1, the above 
equations can be simplified with little error by letting 
• 1 cos a =  
2 
sin a =. a —— 
6 
2 m n a  .  _  
= 1 
a 6 
a sin a = 
Substituting these approximate expressions into Equations (3.6), (3.8) and (3.10) 
and neglecting third order and higher a terms, the following simplified equations are 
obtained. 
[1 + (I + ;Z2)a2] + (1 + + Ag) 
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(3.12) [1 -tl + Ai)a2] - (f + f + R^R, + |) H,{uj) 
(3.13) 
An examination of these three équations shows that all three methods contain errors. 
The error is seen to increase with stinger mass and test frequency. Equation (3.11) 
shows that Hci{OJ) depends on m.2 (since i?2 = m2lmr) only since mi connects to the 
force transducer directly and can be completely compensated in this case. Equation 
(3.12) shows that depends on both and (since Ri = and 
R2 = m2/mr). Finally, Equation (3.13) shows that Hcui'jj) depends on neither mi 
nor 1712. 
B. Numerical Examples for Stinger Mass Compensation 
The sample structures that were used in Chapter 2 will be used here for mass 
compensation examples. These structures were a mass and a double cantilever beam. 
1. Rigid mass-specimen 
The accelerance of a rigid mass M is 1/M. Computations were made for Hci{i>j), 
Hc2i<^) a^nd Hc12{<^) by Substituting //,(u;) = 1/M into Equations (3.6), (3.8) and 
(3.10). A 3 inch long brass stinger is used in this example. All results are normalized 
by 1/M. The true normalized value of the specimen FRF should be unity so that any 
deviation from unity indicates the amount of error. 
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Three different mass ratios of R^, R2, and are involved in the three different 
mass compensation methods. These ratios are defined by 
Ri = mijmr-, i?2 = R^ = M/m^ 
( 
In order to show the effect of each ratio on the measured accelerance, two ratios 
are held constant while the other one is varied. The three parameter groups are: 
• Group One — Rm is varied so that Rx = R2 -- 3, R^n = 10 vs = 100 and 
the results are plotted in Figure 3.3. 
• Group Two — Rx is varied so that Rm = 100, R2 = 3 ,  i ? i  =  1  v s  =  1 0  
and the results are shown in Figure 3.4. 
• Group Three — R2 is varied so that R^^ = 100 , Rx = 3, R2 = 1 vs R2 — 10 
and the results are given in Figure 3.5. 
Figures 3.3-3.5 show the structure's normalized accelerance for the mass specimen. If 
we assume the acceptable measured accelerance error is 5%, the following observations 
and trends are noted: 
1. Figure 3.3 shows that the errors of Hcx{<-^) and HC2{<JO) depend on the ratio of 
structure mass M to the stinger mass rur [Rm)- The larger ratio is, the 
smaller the error. The effective test frequency range of is up to 760 Hz 
(a=0.107) for Rm = 10 and to 860 Hz (a=0.121) for Rm = 100. The effective 
test frequency of is up to 750 Hz (a—0.105) for Rm — 10 and up to 840 
Hz (a=0.118) for Rm ~ 100. 
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Frequency (Hz) 
Figure 3.3: Mass-specimen, Group one: the effects of Rm on three mass compensa­
tion methods 
HM = 1) 
Frequency (Hz) 
Figure 3.4: Mass-specimen, Group two: the effects of Ri on three mass compensa­
tion methods 
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ffcl2{ A2 — 1.10) 
Frequecy (Hz) 
Figure 3.5: Mass-specimen, Group three: the effects of R2 on three mass compen­
sation methods 
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2. Figures 3.4 and 3.5 show that the error of will increase rapidly with the 
increasing values of mg but is independent of mi. The effective test frequency 
range of Hc\{u!) is up to 1320 Hz (a=0.185) for R2 = I and 470 Hz (a=0.066) 
for = 10. 
3. Figures 3.4 and 3.5 show that the error of Hc2{^) will increase slightly with 
the increasing values of mg but increases rapidly with the increases in mi. The 
effective test frequency range of Hc2{'jj) is up to 1250 Hz (q:=0.175) for Ri = 1 
and 470 Hz (a=0.066) for Ri = 10. 
4. A phantom accelerance resonance peak exists when mass compensation is based 
on «2 This can be observed from Equation (3.12). When the denom­
inator of the right side of Equation (3.12) approaches zero, a resonance occurs. 
5. The errors of Hci{u>) and increase quickly with the increasing of test 
frequency. 
6. Generally, underestimates the structure's accelerance while H^2{^) over­
estimates structure's accelerance. gives the best structure accelerance 
FRF estimate. The error of /fci2('^) is within 1% for test frequency Up to 5000 
Hz (a=0.701). 
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2. Beam-specimen 
Hc\[uj), Hc2{^) and for the beam-specimen can be obtained by substi­
tuting the beam middle point accelerance H,{uj) as given by Equation (2.18) into 
Equations (3.6), (3.8) and (3.10). A 3.65 inch long by 0.15 inch in diameter steel 
stinger is used for this example. Values of = 5 and R2 = 5 are assumed in the 
computation. The results are normalized by the single cantilever beam mass and 
are plotted against the frequency as shown in Figure 3.6 . 
Since the beam is a multiresonance structure, more attention should be put near 
resonance and antiresonance regions. The effects of the mass compensation based on 
the approximate accelerations can result in artificially high or low force levels being 
used in the accelerance calculations. Near structure resonances, the driving force is 
extremely small and is the region that is most sensitive to force error. High force 
levels result in underestimates of resonance magnitudes while low force levels result 
in overestimates of resonance magnitudes. Shifts of the resonance frequency also can 
result from this force error. On the other hand, near antiresonance, the driving force 
becomes very large so it is relatively insensitive to the small force error. Figures 3.7 
and 3.8 show an enlargement of the 4th antiresonance response in order to show the 
type of over and under estimates that can occur. 
The normalized accelerance curves for the beam-specimen are shown in Figures 
3.6-3.8 and have the tendencies similar to those of the mass-specimen situation shown 
in Figures 3.3-3.5. 
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Figure 3.6: Beam-specimen, Comparison of three different mass compensation 
methods 
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Figure 3.7: Beam-specimen, Comparison of three different mass compensation 
methods near fourth antiresonance 
50 
Frequency (Hz) 
Figure 3.8: Beam-specimen, Comparison of the three different mass compensation 
methods near fourth resonance 
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1. Figure 3.6 shows that for the first two modes there is no significant difference 
between the three mass compensation methods. Each method predicts the 
structure's accelërance quite well. However, with increasing test frequency, the 
errors of Hdiu)) and HC2{'JJ) become large. The effective test frequency of the 
beam-specimen for is around 600 Hz (a=0.069) and is 555 Hz (a=0.064) 
for HC2{OL)). When the test frequency is 2000 Hz (a—0.230), the error for i?ci(w) 
is 40,5% low and /ïc2(<^) is 210% high. 
2. gives the best estimate of the structure's accelerance FRFs since an 
error of only 3.4% occurs when the test frequency is 2000 Hz (a=0.230). 
3. Figures 3.7 and 3.8 show that near antiresonance, there is no significant fre­
quency shift. Hci underestimates H, magnitude about 14%, Hc2 overestimates 
around 19 %, and Hci2 overestimates only about 1.4% at fourth mode. 
However, near the fourth resonance, the frequency shifts to the left about 5.8 
Hz if estimated by Hd and shifts to the right around 12.6 Hz if estimated by 
Hc2- If estimated by Hcui there is only 0.1 Hz frequency shift. Hd underes­
timates resonance magnitude about 36%, Hcz overestimates about 104%, and 
Hc\2 overestimates only 2%. The new mass compensation method (^fei2(<^')) is 
seen to improve the accuracy of the resonance frequency and magnitude by a 
considerable degree. 
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C. Force Transducer Compliance Effect 
1. Accelerations of seismic mass and the base of the force transducer 
In the previous mass compensation discussion, the acceleration ai actually rep­
resents the seismic mass acceleration of the force transducer. However, in many 
practical situations, the measured acceleration is the force transducer's base accel­
eration. For example, the exciter's built in accelerometer or the impedance head's 
accelerometer is connected to the force transducer's base so that the base acceler­
ation is measured instead of the seismic mass acceleration. The compliance of the 
force transducer allows for a difference in these two accelerations. This situation is 
shown in Figure 3.9 where a one degree of freedom force transducer is modeled for 
measuring a structure's driving point accelerance. 
Test Structure 
1 
Effective end mass m 
"T" 
K 
y i t )  M t ) )  
1 
I 
Base mass rrif, X { t )  ( f l o )  i 
Figure 3.9: Single degree of freedom model of a force transducer and test structure 
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The effect of transducer compliance on rigid mass accelerance-was examined by 
Braonjohn [10]. Now we are extending this compliance effect to general structures. 
The force is assumed to vary harmonically so that 
K ^ { y  -  x )  +  C f { y  -  x )  =  F n ,  •  (3.14) 
where Kj and C/ represent the force transducer's stiffness and viscous damping 
coefficient. Then, solving for the relative motion {'x — y) yields 
Since piezoelectric force transducers have large stiffness A'/ along with very small 
damping C'/, it is possible to simplify the analysis by neglecting the force transducer's 
damping. Thus the Equation (3.15) can be rewritten as 
«•o = «1 p— (3.16) 
Inspection of Equation (3.16) indicates that the difference of the two accelerations is 
proportional to the force to be measured and the square of the test frequency and 
is inversely proportional to the force transducer's stiffness. If K,{u>) represents the 
structure's driving point dynamic stiffness, then we have 
/C(cc) = = ^ = + mw" (3.17) 
y y ax 
where m is the effective end mass that is to be compensated for. Now, coinbining 
Equation (3.16) with Equation (3.17) yields 
ill «1 
e'' = 1 + (3.18) 
A/ 
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and 
ai 
B — tan 
A, ' A) 
|K,(w)|sinT \ 
- 1  I 
1 I |iv,(u))|çosr _ 
^  K ,  K F  J  
(3.20) 
where | A%(w)| — magnitude of the structure's driving point stiffness 
• r(w) — phase angle of the structure's driving point stiffness 
d{ixi) — phase shift between accelerations and aj 
Equations (3.19) and (3.20) give the magnitude and phase relationships between 
the base and seismic accelerations. 
A further analysis of Equations (3.19) and (3.20) shows that the "(mw^)//!/" 
term is equivalent to (a;/c<;„/)^, where u;„/ = A/Kjjm is the force transducer's natural 
frequency. A typical piezoelectric force transducer's natural frequency is around 70 
kHz when unconnected to the structure. Thus, the force transducer's natural fre­
quency will be affected by the total effective end mass mi. For example, if the total 
effective end mass is 4 times the force transducer's seismic mass, then w»/ will reduce 
to only 35 kHz. In the following discussion, we assume the test frequency is much 
less than the force transducer's natural frequency so that u> Thus, Equations 
(3.19) and (3.20) can be simplified as 
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ai 
1 + 2 
A%(w)| 
K, 
9 — tan ^ 
Three different cases can occur. 
cos r -f- (• 
|iVj(ai)| sinT 
K, 
Kf 
1 + cos r 
• First, far from resonances and antiresonances 
where r = 0 (or ±180°) so that Equations (3.21) and (3.22) become 
«1 
= 1 ± 
9 = 0 
K 
(3.21) 
(3.22) 
• Second, resonance regions 
where r = ±90° and |/l,(a;)| is a minimum so that |A'j(w)| <C K f .  Thus, 
Equations (3.21) and (3.22) become 
«1 K. 2' jr, 
0 = ±tan-'i^-^j^) = 0 
Third, antiresonance regions 
where r = ±90° so that Equations (3.21) and (3.22) become 
Ol 
= wl + ( 
/i, 
A/ 
.56 
Note that \ K , [ ( J O ) \  becomes a maximum at antiresonance so that larger differ­
ences in both magnitude and phase angle between the two accelerations are 
expected. 
Based on the above discussion, we can conclude, when the test frequency is well 
below the force transducer's natural frequency, that 
1. The phase shift between the two accelerations is almost zero, except in regions 
near antiresonances. 
2. The smallest magnitude difference between the two accelerations occurs in the 
resonance regions. 
3. The largest difference in both magnitude and phase angle between the two 
accelerations occurs in the antiresonance regions. 
4. The difference in magnitude and phase angle mainly depends on the ratio 
\K,{(jj)\lKf. The larger this ratio is, the larger the difference. 
5. With increasing the test frequency, the A'y" term cannot be neglected, 
and a gireater difference occurs between.the two accelerations in both magnitude 
and phase angle. 
To illustrate this discussion, the double cantilever beam that was used in Chapter 
2 is used as the test structure in the following example calculations. The effective end 
mass is assumed to be 0.05 lb (one fifth of the total specimen mass). The stiffness 
of the force transducer is taken as 10'-lb/inch and the force transducer's damping is 
neglected. 
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The theoretical FRF {£[,{0))) curve for the beam-specimen is shown in Figure 
3.10 from which resonance and antiresonance frequencies are clearly evident. 
Figure 3.11 shows the magnitude of the percent difference between the two ac­
celerations that is defined by 
Ea{uj) = 
It is evident from Figures 3.10 and 3.11 that the peak's of the Ea(u>) in Figure 3.11 
correspond to the structure's antiresonance in Figure 3.10 while the valleys of the 
Ea(uj) correspond to the structure's resonances. This tells us that the maximum 
magnitude difference between two accelerations occurs in the antiresonance regions. 
This difference is around 0.026 % for the first mode and increases to 8.74 % for the 
seventh mode. The minimum magnitude difference between two accelerations occurs 
in the resonance regions. 
Figure 3.12 shows the phase shift ^(u;) between the two accelerations. Again the 
maximum phase shift occurs near antiresonance regions and varies 0.022 degree at 
the first mode to 6.92 degree at the seventh mode in nearly linear fashion. Between 
peak phase shifts, the phase shift is essentially zero. Figures 3.12 and 3.13 also show 
that both magnitude difference and phase shift between the two accelerations increase 
with frequency. 
2. Mass compensation using seismic acceleration vs. using base acceler­
ation (without stinger) 
Investigations are continuing into the influence of mass compensation based on 
tto instead of ai for the general mass compensation problem (without stinger). 
N 
k i l  
X 100% (3.23) 
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Figure 3.10: Magnitude of the beam-specimen accelerance H,{ui) 
Frequency (Hz) 
Figure 3.11: Magnitude percent difference between the force transducer's seismic 
mass acceleration and the base acceleration 
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Figure 3.12: Phase shift between the force transeducer's seismic mass acceleration 
and the base acceleration 
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The idea of using electronic compensation for effective end mass based on seismic 
acceleration was suggested by Ewins [2]. McConnell and Park [13] developed an 
electronic compensation scheme that is based on base acceleration. Since the effective 
end mass acceleration is a-i, the mass compensation based on ai should predict the 
correct structure FRF. Thus, 
H C I ( U ! )  = = — —— (3.24) 
— mai 
The mass compensation based on Ug gives the approximate prediction. 
«M = (S.25) 
Fm - mao 
Substituting Equation (3.24) into Equation (3.25) and using Equation (3.16) yields 
^co(w) 1 (3.26) 
where Hco{'^)i and iî,(a;) represent the measured FRF after mass compensa­
tion based on Og, ai and the correct structural FRF, respectively. 
An examination of Equation (3.26) suggests the following trends: 
1. Near structural resonances, H , { U J )  is a maximum so that the largest error should 
occur. Although the largest difference of the two accelerations occurs in the 
antiresonance regions, the antiresonances are the most error insensitive regions 
due to the large driving force and the relatively small inertial loading that needs 
to be compensated. In contrast, resonances are the most error sensitive regions 
because of very small driving force levels and relative large inertia loading 
that need to be compensated for. Hence, the sensitivity to resonance errors is 
expected. 
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2. The term in Equation (3.26) shows the error will increase with the 
increasing of effective end mass and test frequency while the error will decrease 
with the increasing of the force transducer's stiffness. 
3. When test frequency is far below the force transducer's natural frequency, the 
difference between the mass compensation based on the seismic acceleration 
(«i) and based on the base acceleration (cq) is not significant. 
The same double cantilever beam is used in the following numerical example. Figure 
3.13 shows the percent error EH{OJ) in the structure's predicted accelerance when 
using base acceleration instead of seismic acceleration in the mass compensation 
scheme. For this case, EH{U>) is defined as 
\ H c o { ^ ) \  
E H { U J )  1 X 100% (3.27) 
Figures 3.13 and 3.10 show the peaks of E } J [ U I )  correspond to the structure's res­
onances while the valleys of Eff(w) correspond to the structiire's antiresonances. 
Thus, the maximum error occurs in the resonance regions and in this case, varies 
from 0.0029 % for the first mode and increases to 3.15 % for the seventh mode. 
The accelerance error appears acceptable for frequency as high as 5 kHz for this 
beam-specimen example. 
Finally, it is observed that when using base acceleration for mass compensation 
the accelerometer's mass is not included in the effective end mass. Therefore, there 
is less effective end mass than when using seismic mass acceleration. It is a good idea 
to keep the effective end mass as small as possible in order to avoid the large errors in 
the resonance magnitude measurements caused by the small instrument phase shift 
error which will be discussed in Chapter 5. 
63 
0 
£ 
1 0. 
- 1  J I L 
2 3 
Frequency (Hz) * 1 0 '  
Figure 3.13: Percent error of predicted accelerance after mass compensation based 
on base acceleration of the force transducer 
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3. Stinger mass compensation based on and Q O & a2 
Now we return our attention to the stinger mass compensation problem. The 
measured force after mass compensation based on Cq and Oo & ai become 
Fco ^ Fra- [ m i  + m r  +  (.3.28) 
FCO2 — Fm —[ y n x  H—— )ao — (n%2 4——)a2 (3.29) 
Substitiiting Equations (3.2), (3.3) and (3.16) into (3.28) and (3.29), one obtains; 
•^co(w) — —  ^
1 
+ 
+ TTir 
K 
sin a 
cos a + (1  + #2)0 sin a -f -r:Aa^(l + /2i + i22)(cos a — Ria sin a) 
a 
cos a + R2{ 1 + i22)« sin a 
+ Ri + -^2)( H Ri cos a + R2 cos ct — RiR20c sin ex.) 
K f .  .  a  
, sm a (.3.30) 
^c.(w) 
Zco(w) (3.31) 
Zcozi'^] •f co2 
« 2  
1 
+ m 
a sin a 1,, • . , 
cosa + — h —a ( H i  + -)(cosa R i a s m a )  
J ^ 
sin a 1 _ , „ , a: sin a 
— -(1 + cos a) + i22(cosa H 1) 
65 
+ ~O L^{RI  + -X-—- + Al cosa + ^ 2 cos a - RiR2asina) 
Kf Z a (3.32) 
1 
Hco2 = ^ (3.33) 
^co2 
where Hco{<^) is the measured accelerance using mass compensation based on accel­
eration Oo (base acceleration of the force transducer); HCO2{<JJ) is based on both 
and 02. The symbols K^,Kf are the stinger and the force transducer stiffness, re­
spectively. 
Consider that the force transducer stiffness is much larger than that of the stinger, 
a is also a small quantity, therefore under most realistic situations, "(K^/Kf]a^" 
term is very small. If we neglect this term in Equations (3.30) and (3.32), these two 
equations become the same as Equations (3.6) and (3.10). This means that there 
is no significant difference between base acceleration ao and seismic acceleration ai 
from the mass compensation point of view. 
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CHAPTER 4. EXPERIMENTS AND RESULTS 
Two tests were performed to substantiate the theoretical results and the new 
mass compensation method's effectiveness. The first test used a rigid mass specimen 
while the second test used a double cantilever beam specimen. 
A. Test Equipment and Instrumentation 
A Britel & Kjar model 4808 electrodynamic shaker was used to excite the mass 
or structure. A Brtiel & Kjar model 1047 control unit and model 2712 power amplifier 
were used to control and drive the shaker. The primary quantities to be measured 
during a test are the driving force, the exciter table acceleration, and the structure's 
driving point acceleration. The structure's driving point acceleration was measured 
by a PCE 302A piezoelectric accelerometer. A Kistler model 808T accelerometer was 
chosen to measure the force transducer's base acceleration because of its design to 
carry axial loads. The driving force was measured by.a Kistler model 912 piezoelectric 
force, transducer. The output signal of each transducer was fed through either a 
Kistler 504A charge amplifier or a PCE 480A interface power unit to a Norland 
3001 DMX digital processing oscilloscope that was used to perform data acquisition, 
digital mass compensation through signal addition, and frequency domain analysis. 
The overall configuration of the test system is shown in Figure 4.1. 
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Figure 4.1: Block diagram of instrumentation for tests with stinger 
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Before carrying out accelerance measurements, it is necessary to evaluate the 
force transducer and the accelerometer characteristics that are used in order to ensure 
that accurate amplitude and phase information can be obtained over the frequency 
range of interest. The accelerometer's sensitivity w^as determined by using the back 
to back calibration method. The calibration was performed using an exciter equipped 
with Kistler 808K reference accelerometer. Since the Kistler 808T accelerometer is 
subjected to axial forces during the test, an extra mass effect was obtained as shown 
in Figure 4.2. The calibration results are shown in Figure 4.3 where it is clear that the 
effective frequency range of the Kistler 808T accelerometer for this test is limited to 
be below 2500 Hz. Beyond 2500 Hz, the reference accelerometer's voltage sensitivity 
decreases seriously as frequency increases. 
The force transducer was calibrated in the manner described by Dally, Riley and 
McConnell [8]. This method allows us to determine both the transducer's sensitivity 
and seismic mass at the same time. The calibration is performed by vibrating the 
force transducer at a constant acceleration level with a series of small masses attached. 
The actual force measured by the force transducer may be determined from Newton's 
Second law where the mass is the sum of the attached mass and the transducer's 
seismic mass and the acceleration is that of the exciter table. The sensitivity and 
the seismic mass are extracted by plotting the weight of the added mass versus the 
ratio of the output voltages between the force transducer and the accelerometer. The 
data should plot as a straight line with the x-axis intercept occurring at the weight 
of the seismic mass and with the slope equal to the ratio of the force sensitivity to 
the acceleration sensitivity. All masses were determined by using a Mettler analytical 
balance accurate to 0.01 gram. 
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Figure 4.2: Mass effect calibration of the Kistler 808T accelerometer 
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Figure 4.3: Calibration curve of Kistler 808T accelerometer 
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B. Procedure 
1. Excitation method 
Generally, excitation techniques are classified as one of five distinct types: steady 
state, random, periodic, transient and operating [11]. The steady state type is typi­
cally a slowly swept sine or stepped sine sweep'. In this work the stepped sine sweep 
excitation technique was used. 
In the stepped sine method, a constant magnitude sinusoidal excitation force 
is used at each test frequency. By "stepping" this sinusoidal signal through the 
frequency range of interest, the frequency response function can be evaluated for a 
number of discrete frequency points. At each frequency change, a delay is executed 
before signal analysis begins so that the structure has time to attain its steady state 
conditions. The main advantage of stepped sine sweep excitation as discussed in [12] 
are: 
• Deterministic signal 
There are no fundamental statistical errors. The test can be fully controlled over 
it's frequency range and the test can be reproduced again and again so long as 
the structure remains undamaged. Most importantly, mass compensation can 
be performed digitally for each test frequency. 
• Low peak to RMS 
This reduces non-linearities to a minimum by minimizing the perturbation of 
the structure. 
• Distinct frequency spectral components 
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All of the input and response energy is concentrated at a single frequency. This 
ensures maximum signal to noise ratio for a clean measurement. 
• Adaptive excitation amplitude 
It is possible to improve dynamic range by varying the input. 
• Adaptive frequency spacing 
The required frequency resolution can be varied to suit the structure's response. 
The disadvantage of this excitation method is that it is extremely slow, especially ' 
if the structural damping is light. 
2. Evaluation of the FRF 
For each frequency to be analyzed, the following procedure is executed: 
• The output signal from the signal generator is adjusted to provide the desired 
frequency and base acceleration amplitude in the feedback controller. 
• The transient response is allowed die out. 
• The mass compensation is implemented digitally by using Norland's signal ma­
nipulation capability. 
• The frequency response function is estimated at the selected test frequency. 
The FRF value can be estimated directly from the time histories of the measured 
force (after mass compensation) and response acceleration signals. However, near 
resonance, the driving force is very small so that the time history of force signal 
is seriously affected by noise. The noise could be low frequency noise, electric line 
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components, high harmonic components of driving frequency caused by nonlinearities 
of either the exciter or the structure. The frequency domain analysis is necessary to 
isolate the structural driving force signal from these noise contributions. 
The frequency domain analysis consists of four steps. First, the mean square 
spectral density (MSSD) of the acceleration and corrected force signals are obtained. 
Second, an intégration algorithm is used to determine the area under each frequency 
spectrum peak in order to obtain signal's mean square for that frequency compo­
nent. Third, the RMS values of the frequency cpmponent are determined by taking 
the square root of the mean square values. Fourth, the magnitude of accelerance at 
each discrete frequency is then obtained by taking the ratio of the RMS of output 
signal (acceleration) to the RMS of input signal (corrected force). This procedure 
is repeated three times on different data sets in order to help reduce noise and ran­
dom measurement error. A Banning window is used to reduce digital filter leakage 
problems. The integration is over the highest seven frequency components in order 
to correct for any remaining filter leakage. There is no error as long as both force 
and acceleration signals are processed using identical procedures. 
3. Rigid mass test specimen 
The first test ran on a 0.535-lb rigid mass specimen. The reason for selecting 
a mass specimen is that its accelerance is a constant value of l/M so that the ex­
perimental results using different test methods can be compared directly. Once it 
was shown that the new mass compensation method had promise, a more complex 
structure was tested. The experimental setup is shown in Figure 4.4. A 0.15 inch 
diameter by 3.85 inch long brass rod that weighed 0.023 -lb was used as a stinger. 
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The compensation mass on the stinger's exciter end includes the force transducer's 
seismic mass and mounting hardware mass. For this case, mi is around 0.017-lb. The 
compensated mass on the stinger's structure end includes accelerometer 2 mass and 
mounting hardware mass. Thus mg is around 0.063-lb. 
Stinger (m^) 
m 
M=0.535-lb 
Force 
Transducer 
Accelerometer 1 
Accelerometer 2 
Exciter 
Norland 
3001 
Figure 4.4: Mass-specimen measurement set up 
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A set of individual discrete-frequency sinusoidal excitation forces were applied 
to the test mass. The vibration level was controlled to give a constant magnitude 
sinusoidal exciter table acceleration. The force transducer and accelerometer out­
put signals (F^, (Zo, <^2) were connected to the data input channels of the Norland 
3001 for on-line digital data acquisition and analysis. In order to estimate the force 
delivered to the structure, appropriately scaled acceleration signals were digitally 
subtracted from the force signal. The Norland was programmed to gather the data, 
perform force compensation based on different combinations of accelerations, as well 
as frequency analysis of the input and output signals. The measured accelerance 
frequency response functions were normalized by the mass's accelerance of 1/M and 
were determined from the following equations 
1 / M  F m  -  ( m i  +  T M r  +  7 ^ 2  j O Q  
Mai 
1/M F m  -  { m i  T T l r  +  m 2 ) a 2  
M 0 . 2  
(4.1) 
(4.2) 
(4.3) 
1 / M  F m  —  { m i  - t -  —  ) a o  ~  (  ^ .  +  m 2  ) a 2  
Any deviation from unity in these equations means that measurement error occurred. 
4. Beam-specimen test 
A rectangular aluminum double cantilever beam with a central clamping mass 
was chosen as the second test structure as shown in Figure 2.7. When this beam 
7.5 
specimen is excited at its midpoint by a vibration exciter, the resulting dynamic 
system is equivalent to two cantilever beams of equal length being excited by base 
motion. This arrangement is advantageous since this balanced structure causes no 
tipping imbalance of the exciter head if both sides are dynamically equal. 
Two experiments were performed on this beam-specimen. First, the beam was 
driven directly at its midpoint by the electrodynamic vibration exciter as shown in 
Figure 4.5 (a). The driving force and driving point acceleration were recorded simul­
taneously by Norland 3001. The measured driving point accelerance is normalized by 
l/mfe where is the single cantilever beam mass so that the dimensionless acceler­
ance is given by H(ui)/{1 /mi,) = {m.i,a2)IF,n. This normalized accelerance is used as 
the reference against which the accelerances obtained through various stinger mass 
compensation techniques are to be compared. 
In the second test, the beam-specimen was driven through a 0.15 inch diameter, 
3.8 inch long steel rod as shown in Figure 4.5 (b). The masses that needed to 
be compensated for on the stinger's exciter end and stinger's structure end were 
around 0.144-lb and 0.081-lb, respectively. The stinger's mass was around 0.022 
lb. The driving force was obtained from the force transducer that was mounted on 
the exciter-end of the stinger. The effective mass inertia loading between the load 
cell and the structure was corrected for based on oq alone, Og alone, and Oq and a g 
• together. This compensation was done digitally by Norland 3001. Because the beam 
specimen is a multi-resonant "structure, the excitation frequency step size is controlled 
to achieve the required frequency resolution. Fine resolution is required in the vicinity 
of resonances and antiresonances of the beam in order to obtain accurate information 
for calculation of natural frequency and structural damping. For frequencies outside 
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Figure 4.5: Beam-specimen measurement set up 
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the range of ±10% of a resonant or antiresonant frequency, large frequency increments 
were used. Since the aluminum beam is a lightly damped structure, its accelerance 
has a dynamic range that covers more than 80 dB over the test's frequency range. 
Systematic checks are made on the exciter table's acceleration levels in order to avoid 
amplifier saturation. To increase the usable dynamic range, the shaker table accelera­
tion was reduced in the vicinity of each antiresonant frequency. In the vicinity of each 
resonant frequency the exciting force becomes very small since only the structure's 
damping force needs to be overcome. The accurate measurements of the small reso­
nant driving force is difficult due to the measurement system's noise floor. Frequency 
domain analysis was performed to isolated the force components from the system's 
noise. The tests included the beam's first four modes. 
C. Results 
1. Rigid mass-specimen 
The various accelerance results obtained from the first experiment on rigid mass 
M are shown in Figure 4.6. The measured normalization accelerances HC2,HCQ and 
HCQ2 are plotted against the frequency. The theoretical accelerances from Equations 
(3.8), (3.31), and (3.33) are also plotted in the same figure for direct comparison. 
The accelerance is usually the most convenient for direct plotting of experimental 
results since the acceleration and force are usually measured. 
Figure 4.6 shows a good agreement between experiment and theory, particularly 
for frequencies below 2500 Hz. Beyond 2500 Hz, the differences between, the exper­
iment and the theory calculations for Hco and Hco2 become larger and larger with 
increasing test frequency while Hc2 is in much closer agreement. This trend can be 
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explained by the mass loading effect of accelerometer Qq. The acceleration calibration 
curve (see Figure 4.3) shows that there is a significant decrease in the accelerometer's 
voltage sensitivity (mv/g) beyond 2500 Hz when it has a mass loading. So the 
•output signal voltage of accelerometer 1 becomes smaller than it should be. The 
denominators of the Eqations (4.1) and (4.3) involve acceleration ao and measured 
force Fm- We note that Fm and a^, are 180° out of phase so that the measured values of 
Hco and Hco2 are above their corresponding theoretical curves for frequencies greater 
than 2500 Hz. The experimental results of Hc2 are independent of so that there is 
no error is caused by the accelerometer's mass loading, effect. 
Figure 4.6 shows that the three different mass compensation methods give nearly 
identical results in the frequency region below 1000 Hz. In the high frequency re­
gion, the mass compensation based on the structure end or based on the exciter end 
acceleration has a significant deviation from the correct value. The mass compensa­
tion based on both accelerations gives the best result, even for high frequencies. For 
example, in these experiments, at f=4000 Hz, the errors are approximately 58% for 
Jlcor 237% for JIc2, but is only 13.6% for Hco2- The effectiveness of the new mass 
compensation method and the consequences of using only one acceleration («o or ag) 
are clearly demonstrated by this experiment. 
2. Beam-specimen 
The results obtained from the beam-specimen test are shown in Figures 4.7, 4.8, 
and 4.9. Each figure shows the normalized accelerance that corresponds to one of the 
mass compensation methods. In addition, the results obtained from the test without 
stinger are plotted in each figure for comparison. Figures 4.7—4.9 show the same 
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Figure 4.9; Comparison of measured accelerance with and without stinger (mass 
compensation based on both oq and ao) — Beam-specimen 
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trends as those of the mass-specimen experiment. For the first two modes, there is 
little difference among the three methods. However, at higher frequencies, 
gives an underestimation, /fc2(^) an overestimation and Hco2{'^) the best estimation 
of H3{UJ). These results are in agreement with the rigid mass trends. 
Since the beam-specimen is a multi-resonant structure, a new experimental 
problem is encountered near the structure's resonant regions. Table 4.1 and Table 
4.2 give detailed information on the beam experiments at the first four antiresonant 
and resonant frequencies. 
Table 4.1 shows that the antiresonant frequencies are basically the same for all 
the three mass compensation methods as well as the reference values. There are 
relatively small differences in the antiresonance magnitudes since in the antiresonant 
region, the structural forces are large and the structure's driving acceleration is small 
so that little force compensation is required. Thus, mass compensation errors are 
unimportant. 
Table 4.2 shows that the resonant frequencies predicted by Hco shift to the left 
side of the reference values and shift to the right side if predicted by Hd- Hco2 gives 
the best estimation of the resonance frequency especially for the high modes. For 
example, near fourth resonance mode, the resonant frequency from Hco shifts to the 
left about 9 Hz, shifts around 40 Hz, and Hco2 shifts only 2 Hz. The resonant 
frequency errors are caused by the high and low force levels that are used in the 
accelerance measurements due to the approximations used in the mass compensation 
processing. 
Table 4.2 shows poor results in predicting the resonant magnitudes when all 
three mass compensation methods are employed. These large measurement errors 
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Table 4.1: Experimental results of the first four antiresonant frequencies and mag­
nitudes for the Beam-specimen 
Mode Without Stinger With Stinger 
H, Hco He, HCO 2 
Frequency-
First 40.1 Hz 40.0 Hz 40.0 Hz 40.0 Hz 
Second 252.1 Hz 251.8 Hz 251.9 Hz 251.8 Hz 
Third 705.2 Hz 704.6 Hz 704.6 Hz 704.6 Hz 
Fourth 1382.2 Hz 1380.9 Hz 1380.9 Hz 1.380.9 Hz 
Magnitude 
First 0.0031 0.0032 0.0033 0.0032 
Second 0.0047 0.0045 0.0049 0.0046 
Third 0.0082 0.0078 0.0084 0.0081 
Fourth 0.0240 • 0.0212 0.0282 0.00245 
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Table 4.2: Experimental results of the first four fesonant frequencies and magni­
tudes for thé Beam-specimen 
Mode Without Stinger With Stinger 
H CO Hci Hco2 
Frequency 
First 51.4 Hz 51.2 Hz 
(0.4%) 
52.2 Hz 
(1.6%) 
51.5 Hz 
(0.2%) 
Second 282.9 Hz 282.1 Hz 
(0.3%) 
288.4 Hz 
(1.9%) 
283.0 Hz 
(0.04%) 
Third 744.7 Hz 742.3 Hz 
(0.3%) 
758.1 Hz 
(1.8%) 
743.2 Hz 
(0.2 %) 
Fourth 1424.3 Hz 1415.3 Hz 
(0.6%) 
1465.9 Hz 
(2.9%) 
1422.1 Hz 
(0.15%) 
Magnitude 
First 75.3,0 . 4&34 
(35.8%) . 
31.72 
(57.9%) 
.34.44 
(54.3%) 
Second 45.7-2 25.46 
(44.3%) 
34.73 
(24.0%) 
28.33 
(38.0%) 
Third 29.46 ' 7.31 
(75.sr%) 
21.54 
(26.9%) 
10.03 
(66.0%) 
Fourth 26.49 4.22 
(84.1%) 
46.77 
(76.6%) 
7.19 
(72.9%) 
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that occur near the specimen's resonant regions suggest that there are additional 
issues that must be addressed. 
Although there exists an inherent measurement accuracy problem near the struc­
tural resonant regions, there may be other reasons that are related to the mass com­
pensation method to cause this error. Further investigation has been performed 
theoretically on the mass compensation procedure near the structure's resonant re­
gions. This analysis shows that tremendous errors can occur for reasons that are 
unfamiliar to the experimental modal analysis community. This analysis and the 
corresponding reasons are discussed in detail in next chapter. 
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CHAPTER 5. FORCE TRANSDUCER MASS COMPENSATION 
CAN CAUSE LARGE FRF ERRORS AT RESONANCE 
In order to investigate the large measurement errors near the structure's reso­
nances that were found during the stinger mass compensation experiments, a the­
oretical measurement system model that controls the measurement FRF's behavior 
around resonances is developed. 
Figure 5.1 shows a model of the general mass compensation scheme. The force 
a c t i n g  o n  t h e  s t r u c t u r e  f a i t )  a n d  t h e  f o r c e  m e a s u r e d  b y  t h e  f o r c e  t r a n s d u c e r  f m { t )  
are related by 
f 3 { t )  =  f m { t ) - m d { t )  (5.1) 
where m is the mass to be compensated for. Let the acceleration signal be the 
reference phasor so that 
a { t )  —  
Then, Equation (5.1) can be rewritten in a complex exponential form as 
(5.2) 
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a(t) Test Structure 
Force Transducer 
Figure 5.1: Mass compensation scheme 
or 
/4a;)cos(7) + jf,{uj)sin{'j) = cos{4>) - ma{(x>) + jsm( i ' )  (5.3) 
where 7 — the structure's driving point accelerance phase angle 
•ip — phase angle between force transducer and accelerometer output signals 
At the structure's resonance condition of w = u>n, the structure's inertia 'force is 
balanced by its spring force; the force acting on the structure is equal to the structure's 
damping force; and the input force phase angle is 90° with respect to the acceleration. 
89 
Then, 
= 90" (5.4) 
fsi^n) = fd (5,5) 
where fd represents the structure's damping force. Then, Equation (5.3) yields the 
(&6) 
(5.7) 
(5.8) 
(5.9) 
for a single degree of freedom system with mass M and viscous damping (. 
Equations (5.6), (5.7), (5.8) and (5.9) indicate that the measured force 
is contaminated by the effective end mass inertia. Ideally, the inertia force is small 
compared to the damping force so that 4'i'^n) is close to 90°. However, in lightly 
damped structures, the accelerations are large for a given damping force near the 
resonant condition so that 'V'('^n) is small as shown by Equation (5.9), For example, 
if ( = 0.001 and m=0.057M, then 0(u;„) = 2° and the damping force is only 3.5 per 
cent of the measured force. Under such conditions, it is evident that the damping 
force is only a small proportion of the total measured force signal so that the useful 
signal to noise ratio is low. 
Thus, we have seen in this section that effective end mass m can cause significant 
errors to occur in the measured force at the structure's resonant condition since the 
following equations 
fmi<^n) COsd'ioJn)) - = 0 
/m('^n ) sin('^'(a'n)) — fsi'^n) — fd 
tan(^(wn)) = — • 
m.a{u>n} 
Equation (5.8) can be written as 
taniiiujn)) = 
m 
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damping force can be a small portion of the measured signal. The implications of 
correcting for this inertial force are addressed in detail in the following sections. 
A. Accelerance Error Function 
In this section, we develop an expression for error of the measured accelerance 
FRF compared to the structure's actual accelerance FRF when the effective end mass 
m is compensated for by using Equation (5.1) as suggested by Ewins [2]. 
The Fourier transform of Equation (5.1) gives a frequency domain equation of 
F.iu)) Fra[io) - mA{uj) (5.10) 
where F,(w), F,n{u)) and A{uj) are Fourier transforms of fait), fm{t) and a{t), respec­
tively. 
The structure's driving point accelerance is defined as 
The FRF of each transducer will influence the acceleration and force spectra that are 
measured. Thus, the measured acceleration spectrum becomes 
= (5.12) 
and the measured force spectrum after mass compensation becomes 
Fs,n{<^) = -mHa{ui)A{u) (5.13) 
where Ha{u>) and Hf{uj) include all mechanical and electrical effects in each data 
channel, including time constants, amplifiers, and anti-aliasing filters. F,^{u>) is 
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the Fourier transform of — ma{t)). Then, defining the measured accelerance 
as Hm{oj) = Am{<^)/Substituting Equations (5.12) and (5.13) into this def­
inition, and using the definition of Equation (5.11), we can express the measured 
accelerance in terms of the structure's accelerance as 
" HrH + mH,{u){HrH - 1) 
where 
represents all instrumentation effects. Finally, the accelerance error function E(w) is 
defined as 
PI \ _ 1 
Inspection of Equation (5.16) reveals several points. First, the error function is 
related to the combined instrument system FRF effective end mass m, and 
the structure's driving point accelerance ifa(w). Second, if there is no instrument 
error so that Hi(uj) = 1, there is no measurement error and E{ix>) = 1. Third, if the 
effective end mass is zero (m = 0), then the measurement error is the same as the 
instrument system (^(w) = Fourth, the "m^a(a;)" term can be interpreted 
as the ratio of compensated mass to the structure's driving point apparent mass. 
For Hghtly damped structures, this ratio may become much larger than unity at the 
structure's resonant frequency. If this happens, the small instrument error can cause 
large measurement error. 
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B. Error Analysis of a SDOF System 
The instrument FRF can be expressed by its magnitude and relative phase shift 
measurement system. In the following sections, we shall assume that (j) and A are 
constants in order to see the effect of these parameters on the measured results. 
1. Effects of instrument phase-shift error 
The effects of the instrument phase shift on the measurement errors are investi­
gated by assuming A = 0 and that (j) is considerably less than one. Then, Equation 
(.5.17) can be simplified to 
(j) so that 
= \H I(UI)\E^'^ = (1 + A)e''^ (5.17) 
where (j)—instrumentation phase shift effect 
A— instrumentation magnitude attenuation effect 
In general, and A are the functions of frequency and are small for an acceptable 
Hi{u>) = 1+ j(f) (5.18) 
Substituting Equation (5.18) into Equation (5.16) yields 
E(w) = \E{io)\e-^>^ = 1 (5.19) 
1 -f- j4>{l + m,H,{uj)) 
where the magnitude is written as 
| E ( w ) |  =  ,  
y(l - (l>mHl{u)Y + {<P + 
(5.20) 
and the phase angle is written as 
(5.21) 
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where H^(u!) and H^{oj) are the accelerance's real and imaginary parts, respectively. 
The percent error function Ep{uj) is defined as 
Ep{uj) = p(cu)| - 1| X 100% (5.22) 
A single degree of freedom (SDOF) system is used to model the test structure 
so that the SDOF driving point accelerance is 
" M(l - r' + ,'2(r) 
where r— frequency ratio (r = ui/uJn) 
— structure's natural frequency 
(— structure's viscous damping factor 
M— structure's mass 
At resonance, u = Un or r=1.0 so that 
(5.24) 
Substituting Equation (5.23) into Equations (5.20) and (5.21) and assuming m/M=0.1, 
C — 0.01, •Ep{uj), l3{u>) are calculated foi? three cases of (j) such that: 
Case 1: 0=1° (0.01745 rad) 
Case 2: 0 = 5° (0.08727 rad) 
Case 3: 0 = -5° (-0.08727 rad) 
The calculation results are plotted in Figures 5.2 and 5.3. Figure 5.2 shows that sig­
nificant errors occur at the structure's resonance and that the 5° phase shift is worse 
than —5° phase shift for this case. These large errors occur at the very frequency 
region where the best results are needed. The error phase angle in Figure 5.3 shows 
significant phase changes that occur rapidly as the excitation frequency passes 
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through resonance. It is evident from these two figures that the large errors are 
restricted to the resonance region. When w = = 0 so that Equations 
(5.20) and (5.21) become 
l3M^tan- (5.26) 
Since ^ <C 1, it is obvious from the above equations that the "(;èmiîf(w)" term plays 
an important role in the measurement error. When "(/»m/ff(u;„)" approaches unity, 
|E(wn)| approaches a maximum and f3{ujn). approaches ±90°. Note that Hj{u>„) can 
also be expressed as 
rrlr v ^ 
When mHl{uJn) > 1, referring back to Eq. (5.8), we find 
1 . 1 
mHj{u>n) ^  
tan{ip{LtJn)) V'(<^n) 
or 
(5.27) 
Consequently, (l)mjlj{ujn) represents the ratio of instrument phase shift to the phase 
angle between the force transducer and acceleration output signals at the structure's 
resonance frequency when these two angles are equal, the errors approach maximum 
values. For our SDOF example, ff/(w„) is given by Equation (5.23) so that 
- Jj ' (5.28) 
Substituting Equation (5.28) into Equations (5.25) and (5.26) gives expressions for 
the maximum error and phase angle that occur at the structure's resonance as a 
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function of phase shift (j)- The resulting equations were used to calculate the three 
curves shown in Figures 5.4 and 5.5. The parameters for the three cases are given by 
Case 4: mHl{uin) = 5 which correspond to mjM — 0.1, ( = 0.01 
Case 5: mHj{un) = 10 which correspond to m/M = 0.1, ( = 0.005 
Case 6: mHl{u)n) = 25 which correspond to m/M = 0.1, ( = 0.002 
An examination of Figure 5.4 reveals several major points. First, the error curve 
shows no error when 0 is zero and certain other positive values of 0 for a given value 
of Second, the larger the mHj{u>n) term, the smaller the positive value 
of (f) when the curve peaks. Third, the smaller the value of mHj{u)), the higher the 
value of 4» when the peak error occurs and the peak error is smaller. Also it is seen 
that the error is spread over a broader range of angles. Fourth, a positive relative 
phase shift is worse than a negative phase shift <!>. This behavior suggests that serious 
error problems can be detected by reversing the measurement channels and repeating 
the experiment. 
The error phase angle in Figure 5.5 reveals that rapid error phase angle changes 
occur with changing relative measurement phase angle. (?i). All error phase angle curves 
pass through zero when (j) is zero and pass through zero again at those values of 4» 
that correspond to the peak error values in Figure 5.4. Finally, we see that the largest 
error phase angles correspond to the smaller values of mHl{u)n)-
These results indicate that large measurement errors can occur at structural 
resonance when mass cancellation is employed to remove the effective end mass effects 
and when a rather small positive relative phase angle (j) exists between the force 
transducer and accelerometer signals. 
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2. Effects of instrument magnitude error 
In this case we assume <f) = 0 so that Equation (5.17) becomes 
Hi{u>) = 1 -f A (5.29) 
Substituting Equation (5.29) into Equations (5.19), (5.20) and (5.21), we obtain 
l£(u;)| = , (5.31) 
:i + + 1))' + 
Using the same SDOF example as before with m/M — 0.1 and ( = 0.01, we calculate 
Ep(u!) and (3{u!) for three cases of A given by 
Case 7: A = 0.01 = 1% 
Case 8: A =0.05 = 5% 
Case 9: A = —0.05 = —5% 
The resulting curves for Ep(u) and /3(w) are plotted in Figures 5.6 and 5.7, respec­
tively. ' 
Figure 5.6 shows that the curves start at values of |A| x 100%, dip to near zero 
just before resonance, and then exhibit large errors just after resonance. Finally, they 
approach values of [Aj x 100% for large frequency ratios. Again, a significant error 
multiplication occurs in close vicinity of resonance. 
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Figure 5.7 shows that the error phase angle is seen to start at zero, passes through 
a peak at resonance, and then drops off to zero again. 
Now, let us look at what happens to the resonant error values as a function of 
instrument magnitude errors. The magnitude of the error function becomes 
" v'(i + ^ )' + (^"îff/K)P 
while the error function phase angle becomes 
= (5.34) 
When Equation (5.24) for the SDOF model is substituted into Equations (5.33) 
and (5.34), curves of Ep{ujn) and /3(w^) as functions of A are calculated for the same 
three cases as before where "m;f/'/(a'„)" takes on values of 5, 10, and 25 so that 
Case 10: mH^{u)n) = 5 
Case 11: = 10 
Case 12: mHj(ijJn) = 25 
The error magnitude is shown in Figure 5.8 where each curve has two zeros. One 
occurs at negative A values while the other occurs at A = 0. As the "miï/(a'n)" 
term increases, the first zero occurs closer and closer to zero. It is also clear that the 
error increases in nearly direct proportion with A, with the error increasing faster 
with larger values of "m^f(a'n)." 
The error phase angle varies smoothly with instrument magnitude error as shown 
in Figure 5.9. The error phase is zero when the magnitude error is zero. 
104 
100 
Case 10 
Case 11 
Case 12 
80 
60 
C 
40 
20 
D) 
-20 
0.2 0.1 -0.2 0.0 -0.1 
Magnitude Error A 
Figure 5.8: Magnitude percent error of measured FRF for an SDOF system (when 
excited at structural resonance) as a function of instrument magnitude 
error A 
105 
100 
0) 0) 
b) 0) TJ 
2 
0) 
O) 
< 
m U) 
n> 
Q. 
-150 
Case 10 
Case 11 
— Case 12 
- 1 0 0  -
-0.2 -0.1 0.0 
Magnitude Error A 
0.1 0.2 
Figure 5.9: Phase error of measured FRF for an SDOF system (when excited at 
structural resonance) as a function of instrument magnitude error A 
106 
C. Summary 
In this chapter it has been shown that small instrument errors can lead to large 
measured accelerance FRF errors under certain conditions when the common mass 
compensation technique is applied to the force signal. The errors are found to depend 
on three primary parameters: the instrumentation system FRF of Hi{u)) that depends 
on a magnitude (A) and relative phase shift (<^), the effective mass between the test 
structure and the force transducer's sensing element, and the structure's driving point 
accelerance function These three parameters interact in a complex manner 
so that any given measurement error is amplified by the system under test. 
• At resonance the structure damping force is only a small portion of the measured 
force by force transducer when the structure under test is lightly damped and 
relatively large mass must be compensated for. 
• Very large measurement errors occur in both magnitude and phase angle when 
there is a small relative phase shift between the force and acceleration mea­
surements. The errors can be in hundreds of percent corresponding to a phase 
shift in the Order of one or two degrees when the term approaches 
unity. 
• Instrument magnitude attenuation eifect also can cause significant FRF errors 
near resonances. 
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CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS 
Several experimental modal analysis topics that are related to the effects of 
stinger, mass cancellation and instrumentation on accelerance measurements are in­
vestigated in this research. 
A. Conclusions 
1. The longitudinal bar model of stinger axial dynamics shows: 
(a) When the test frequency is low enough so that the time for the stress waves 
to travel in the stinger of length / is much small compared to a period of 
\ j(jj ov a = (JJIIc is considerably less than unity, then the traditional stinger 
massless spring model is suitable for motion transmissibility but is a poor 
model of force transmissibility; while the rigid mass model is a good model 
of force transmissibility but a poor model of motion transmissibility. The 
longitudinal bar model is the best model since it includes both elastic and 
inertia properties of the stinger. When frequency is high, a is no longer 
far less than one so that only the longitudinal bar model is acceptable in 
predicting stinger's responses. 
(b) Stinger force transmissibility has valleys when the test structure approaches 
resonances and has peaks when the stinger-structure system approaches 
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resonances. Stinger motion transmissibility has valleys when the struc­
ture approaches antiresonances and has peaks when the stinger-structure 
system approaches antiresonances. 
(c) The difficulty in transferring sufficient exciting energy from the shaker to 
the test structure is mainly due to the stinger's compliance. The motion 
transmissibility Ta which is given by Equation (2.12) also reflects the ratio 
of the applied forces to the test structure with and without a stinger when 
the exciter table has the same acceleration. Therefore, also reflects the 
stinger's excitation energy transfer ability. The basic principle in selecting 
stinger size is to satisfy the energy transfer consideration so that the stinger 
must be axially stiff compared to the structure's driving point dynamic 
stiffness. 
2. In order to reduce transducer rotational inertia loading on the structure under 
test, the force transducer can be removed to the stinger exciter-end. The stinger 
mass compensation of this arrangement has been investigated theoretically, 
numerically, and experimentally. The results show: 
(a) Because of the compliance of the stinger, mass compensation based on 
exciter-end acceleration will underestimate the structure's accelerance while 
compensation based on the stinger's structure-end acceleration will over­
estimate the accelerance. The error depends on values of the compensated 
masses on the stinger's two ends, the stinger's mass, the structure's driving 
point accelerance, and the test frequency. 
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(b) The proposed new mass compensation method uses two accelerations for 
mass cancellation and has been shown to improve the accuracy by a consid­
erable degree. A significant advantage of the new method is the ability to 
predict FRF in the high frequency region while the errors are independent 
of the stinger's two end masses. 
(c) Experimental difficulties have been found in predicting, the resonant mag­
nitudes'for all three mass compensation methods. 
The effect of the force transducer's compliance has. been investigated. This 
study's results show: 
(a) When the test frequency is far below the force transducer's natural fre­
quency, the differences between force transducer's seismic mass accelera­
tion and base acceleration are significant only around the antiresonance 
regions. 
(b) From the mass compensation point of view, when the test frequency is 
• far below the force transducer's natural frequency and the effective end 
mass is not considerably larger than the structure's driving point apparent 
mass, then there is no significant difference between the mass compensa­
tion based on seismic acceleration or based on base acceleration. 
A theoretical measurement system model that controls the measured FRF 
around resonance has been presented. This analysis shows that the error issue is 
not only for the stinger mass compensation but also for all mass compensation 
methods. At resonance frequency: 
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(a) The phase angle between the force transducer and the accelerometer sig­
nals is no longer 90°. Instead, this angle can be very small for lightly 
damped structures when relatively large mass must be compensated for. 
(b) Very large measurement errors occur when there is a small relative phase 
shift between the force and acceleration measurements. The errors can be 
in hundreds of percent corresponding to a phase error in the order of one 
or two degrees when the term approaches unity. 
(c) Instrument magnitude attenuation also can cause significant FRF errors 
near resonances.. These errors are not nearly as serious as those caused by 
the phase shift error. 
B. Recommendations 
1. More experiments need to be performed to prove quantitatively the resonant 
measurement errors that are related to the mass compensation procedure. The 
challenge is how to monitor and control the small phase shift and magnitude 
attenuation that occur between the measurement instruments. 
2. Since small instrument error inevitably exists, it is important to develop a new 
experimental method to monitor and compensate for the small phase shift error. 
The compensation may' be a post-procedure to correct this error problem. 
I l l  
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